We demonstrate that the quantum phase transition (QPT) of the Rabi model and critical dynamics near the QPT can be probed in the setup of a single trapped ion. We first show that there exists equilibrium and nonequilibrium universal functions of the Rabi model by finding a proper rescaling of the system parameters and observables. We then propose a scheme that can faithfully realize the Rabi model in the limit of a large ratio of the effective atomic transition frequency to the oscillator frequency using a single trapped-ion and therefore the QPT. It is demonstrated that the predicted universal functions can indeed be observed based on our scheme. Finally, the effects of realistic noise sources on probing the universal functions in experiments are examined.
Introduction.-The experimental realization of quantum phase transition (QPT) in a well-controlled quantum system is of considerable interest [1] [2] [3] [4] [5] [6] [7] [8] [9] . This is particularly important for the study of the dynamics of QPT where a controlled change of the system parameters are necessary [10] [11] [12] . Understanding the dynamics of QPT is at the frontier of the study of critical phenomena; the full extent of the universality in non-equilibrium dynamics of a system that undergoes a QPT remains to be determined [13, 14] and its theoretical underpinnings are being actively investigated [15] [16] [17] [18] [19] [20] .
Trapped ions are a particularly promising platform for this purpose thanks to the possibility of precise coherent quantum controls and high-fidelity measurements [3] [4] [5] as exemplified by the recent observation of the dynamics of classical phase transitions [21, 22] . A major challenge, however, lies in the fact that the QPT typically occurs in a thermodynamic limit where the number of system constituents diverges [23] . Although the universality manifests itself even for a system of finite size in the form of finite-size scaling relations [24, 25] , it emerges only when the system size is sufficiently large; moreover, a controlled change in the system size under otherwise unchanged conditions is necessary in order to observe the critical exponents. In this respect, and despite the advances in trapped-ion technologies, it is still a formidable challenge to scale up the system size sufficiently to enable the observation of critical phenomena while maintaining the controllability and the coherence of the system [5] .
Recently, it has been shown in Ref. [20, 26] that even a single two-level atom coupled to a harmonic oscillator may undergo a second-order QPT. The experimental realization of such a finite-system QPT is highly desirable, as it opens a possibility to study the dynamics of QPT in a small, fully controlled quantum system with a high degree of coherence without the necessity of the scalability in the number of system components; however, the required parameter regime [20, 26] that includes simultaneously extremely large detuning [27] [28] [29] and large coupling strength [30] [31] [32] has made it difficult to find a suitable experimental platform to realize the finitesystem QPT.
In this letter, we demonstrate that the QPT of the Rabi model, as well as universal dynamics of this QPT, can be observed experimentally with a single trapped-ion. Before discussing a trapped-ion realization, we first demonstrate the existence of a non-equilibrium universal function for the adiabatic dynamics of the Rabi QPT which goes beyond a powerlaw behavior predicted by Kibble-Zurek mechanism [10] [11] [12] 20] . Interestingly, we show that while the latter is difficult to observe directly in the trapped ion setup, the former is readily accessible under the same conditions. Moreover, for the equilibrium QPT, we find a scaling function for the atomic population of the ground state, which we propose to use to measure the finite-size scaling exponent of the ground state.
We then consider a concrete trapped-ion realization where the Rabi model is realized by dichromatic sideband lasers such that the atom-coupling strength can be modulated by the intensity of the lasers while the atomic and oscillator frequency can be chosen by the frequency of the lasers [33, 34] . However, we show that, in the limit of our interest where the critical behavior emerges, the standard approach based on travelingwave lasers [33, 34] cannot faithfully realize the Rabi model and obscures its universal behavior. We propose and analyse a standing-wave configuration [35, 36] taking into account current experimental limitations and show that it can overcome current limitations to achieve a high-fidelity realization of the Rabi model. More specifically, by solving the dynamics of the single trapped-ion in a standing wave configuration where the Rabi frequencies associated with the applied lasers is adiabatically changed, we demonstrate that it is indeed possible to observe the universal functions, predicted in the first part of the letter, in a realistic trapped-ion setup.
Finally, we examine the effect of different noise sources in our proposed ion trap realisation on probing the universal functions. It is shown that the non-equilibrium universal function is noise-resilient thanks to the short adiabatic evolution time that is required. The equilibrium scaling function, however, in general turns out to be strongly affected by the noise and thus difficult to observe; nevertheless, we show that its asymptotic behavior is still unaffected by the noises, which allows us to measure quantitatively the finite-frequency scaling exponent.
Finite-frequency scaling.-The Rabi Hamiltonian reads
where σ x,z are the Pauli matrices for a two-level atom and a (a † ) is an annihilation (creation) operator for a cavity field. The oscillator frequency is ω 0 , the atomic transition frequency arXiv:1607.03781v1 [quant-ph] 13 Jul 2016 Ω, and the coupling strength λ. We introduce a dimensionless coupling constant g = 2λ/ √ ω 0 Ω and the frequency ratio R = Ω/ω 0 . In the R → ∞ limit, the Rabi model undergoes a second-order QPT at the critical point g = 1 [20] . For large but not infinite R, the ground state expectation values and the energy spectrum exhibit a critical scaling in R, so-called finitefrequency scaling [20] , near the critical point. Here we focus on the ground state population of the two-level atom, σ z , because it is possible to measure it with a high-fidelity in the trapped-ion system [37, 38] , and we derive the analytic expression for its scaling relations. Below we discuss the main results, while we refer to the Supplemental Material [39] for the detailed derivation.
In the R → ∞ limit we have σ z = −1 for g ≤ 1 and σ z = − 1 g 2 for g > 1 [20] . Then, the singular part of σ z is σ z s ≡ σ z + 1 = (1 − g −2 ) and it vanishes as σ z s ∝ (g − 1) γ near the critical point with a critical exponent γ = 1. We now consider the singular part of σ z as a function of R and g, denoted by σ z s (R, g), and examine specifically its scaling behavior for finite R. Particularly, we find the analytical expression of the finite-frequency scaling for R 1 and g = 1 as
where µ = 2/3 is the finite-frequency scaling exponent of σ z . See the Supplemental Material [39] for the derivation of Eq. (2) based on a variational method, as well as its excellent agreement with the numerical results. Furthermore, by a rescaling of the expectation value and coupling strength as
we find that the ground state population of the spin can be cast into a universal form, S s (G), which is called as a scaling function [24, 25] . The functional form can be obtained by (i) calculating σ z s (R, g) using the numerically exact diagonalization for different values of R and g satisfying R 1 and |g − 1| 1 and (ii) plotting the rescaled quantity S s = |g − 1| −γ σ z s as a function of G = R|g − 1| γ/µ . As shown in Fig. 1 (a) , all the data points collapse onto a single curve, confirming the existence and revealing the functional form of S s (G). We also find an analytic expression for the asymptotic behavior of S s (G) as lim G→0 S s (G) ∝ G −µ , which agrees very well with the numerical results [ Fig. 1 (a) ]. We emphasize that the asymptotic behavior of S s (G) for G 1 is governed by the finite-frequency scaling exponent µ shown in Eq. (2) .
Adiabatic evolution and dynamical scaling.-We now consider an adiabatic dynamics of the Rabi model. To this end we prepare an initial state |Ψ(t = 0) = |0 |↓ , where |0 is the zero phonon Fock state and |↓ is an atomic eigenstate, and increase the coupling strength linearly in time from g i = 0 to g f for a duration τ q , that is, g(t) = g f t/τ q . By setting τ q to be large enough to satisfy the adiabatic condition [40] , one can prepare the ground state of the Rabi model with g = g f for a fixed R to high fidelity and measure σ z to observe the ground state universal function S s (G) and the scaling exponent µ discussed in the previous section. A potential limit to this approach is that the spectral gap ∆ vanishes at the QPT (R → ∞) as ∆ ∝ |g − 1| ζ where ζ = 1/2 is its critical exponent [20, 23] and, for a finite R, the gap ∆ of H Rabi decays as a power-law ∆ ∝ R −µζ/γ = R −1/3 near the critical point; therefore, for a large value of R, the adiabatic condition will require τ q to be much larger than the coherence time of the system. While we examine the feasibility of the adiabatic preparation in the last section in much more detail, here we consider the case when τ q becomes progressively smaller; then, the adiabatic condition starts to break down near the critical point first, while it is still satisfied away from the critical point. In other words, we go beyond the equilibrium setting and examine the universality in adiabatic dynamics of the QPT.
The key insight for the adiabatic dynamics of the QPT is that due to the critical scaling of the equilibrium properties, e.g., shown in Eq. (2), one can cast the equation of motion for the adiabatic evolution into a universal form through a rescaling of parameters [17] [18] [19] . For the Rabi model, we find that by rescaling the evolution time τ q as
where γ/µ(1 + ζ) = 1, and together with the rescaling the coupling strength G = R|g − 1| γ/µ already introduced in Eq. (3), the equation of motion transforms into a universal form [39] , which does not depend on the specific values of system parameters R or g. As in the case of the ground state QPT, the central quantity of our interest is the population of the twolevel system. Let us denote σ z f (R, g f , τ q ) as the expectation value of σ z for the final state of the adiabatic evolution for a given quench time τ q at the final coupling strength g f and the frequency ratio R, and σ z (R, g f ) as the ground state expectation value of σ z for a given R and g = g f . Now, we introduce a quantity that we call the residual atomic population as σ z r (R, g f , τ q ) ≡ | σ z f (R, g f , τ q ) − σ z (R, g f )|, which quantifies the non-adiabaticity of the evolution and vanishes for a τ q satisfying the adiabatic condition. Our main result is that the rescaled residual atomic population S r ≡ R µ σ z r is a universal function of the rescaled parameters T and G [39] . To confirm this prediction, we solve the dynamics for different τ q and calculate the residual atomic population for a set of values of g f and R leading to a fixed value of G f = R|g f −1| γ/µ . Then, we plot the rescaled residual atomic population S r as a function of T and show that all the data points with the same value of G f collapse into a single curve confirming that S r (T, G f ) is a universal function [ Fig. 1 (b) ]. It is clear that different choices of G f lead to different universal curves, as S r is a function of both G f and T [ Fig. 1 (b) ].
Trapped-ion realization.-Having established both the equilibrium and non-equilibrium scaling theory of the Rabi model in terms of the atomic population, here we demonstrate that it is feasible to probe the predicted scaling functions [ Fig. 1 ] in a trapped-ion setup. We consider a setup of a single trapped ion with two traveling-wave lasers, described by the following Hamiltonian,
where a (σ − ) is an annihilation operator for a phonon (internal levels). The phonon frequency is ν and the transition frequency ω I . For j-th laser, ω ν are additional detunings w.r.t each sidebands and we set Ω
Note that the so-called optical rotating-wave approximation has already been made to Eq. (5), which is well-known to hold in this setting.
In the rotating frame with respect to (5) becomes time-independent and assumes the form of the Rabi model [33, 34] ,
Here the new set of parameters for the Rabi model arẽ
which are determined by the frequencies and the amplitudes of the applied lasers. We emphasize that Eq. (6) is valid only within the Lamb-Dicke regime, i.e., η (a + a † ) 2 1 and the vibrational rotating-wave approximation (RWA), therefore it is not a priori evident that one can probe the QPT of the Rabi model using this approach. The in and out of equilibrium universal properties of the Rabi model emerge when R =Ω/ω 0 1 and g = 2λ/ ω 0Ω 1. However, the phonon population in the ground state of the Rabi model monotonically increases as one increasesΩ/ω 0 , leading to a potential departure from the Lamb-Dicke regime. Furthermore, the strong coupling strengthλ ω 0Ω requires a large Rabi frequency of the laser, which could break the vibrational rotating wave approximation. Hence we now need to study in detail whether the desired regime R 1 and g 1 can indeed be reached.
In order to examine whether the Rabi QPT can be probed in the trapped-ion setup, we apply the adiabatic protocol discussed in the previous section directly to the trapped-ion Hamiltonian in Eq. (5) without assuming any simplification, neither the Lamb-Dicke nor the vibrational RWA. This involves preparing the initial state |Ψ(t = 0) = |0 |↓ where |0 is the zero-phonon Fock state and |↓ is the low-energy state of the ion, and adiabatically turning on the Rabi frequency Ω d (t) of the two lasers for a duration of τ q until it reaches the desired final value of g = g f ; that is,
, while the detunings δ 1,2 are chosen to realize a fixed value of R and remain fixed during the adiabatic evolution. Then, one measures the population of the internal levels σ z of the final states of the adiabatic evolution, from which one finds the universal scaling function S s (G) and S r (T, G) through the rescaling of the parameters as described in the previous section.
A possible set of parameters for the Rabi model realized in the trapped ion set up would beω 0 /2π = 200Hz and 10kHz ≤ Ω/2π ≤ 80kHz so that the frequency ratios 50 ≤ R ≤ 400 can be explored. This in turn implies that the Rabi frequency at the critical point g = 1 is 23.6kHz ≤ Ω d /2π ≤ 66.6kHz, respectively, where we have used the Lamb-Dicke parameter η = 0.06. For the adiabatic preparation of the ground state, the considered evolution time is τ q = 50/ω 0 = 250ms (below we discuss possible drawbacks concerning long-time evolutions) which approximately satisfies the adiabatic condition [39] . Meanwhile, for the dynamical scaling, one can choose a smaller range, 0.1/ω 0 ≤ τ q ≤ 2/ω 0 , or equivalently, 0.5ms ≤ τ q ≤ 10ms. The numerical results with the above parameters are shown in Fig. 2 (a) and (b) . We observe a strong deviation from the theoretical prediction of the Rabi model and the rescaled expectation values do not collapse into the predicted universal function.
We identify that a leading order contribution to the breakdown of the Eq. (6) is a carrier interaction, i.e., −i
, that is induced by the both sideband transitions due to the large Rabi frequency Ω d used to achieve a strong coupling strengthλ. The effect of this spurious process becomes dominant for R 1 and obscures the universality of the Rabi model [ Fig. 2 (a,b) ]. To resolve this issue, we propose to use a standing wave configuration for the sideband lasers so that the carrier interaction is suppressed in the leading order. That is, we consider two additional lasers in the Eq. (5), labeled as j = 3, 4, such that ω d . This means that to reach the critical point g = 1, one would need 11.8kHz ≤ Ω d /2π ≤ 33.3kHz which is a factor 2 smaller than the traveling wave configuration. With the same parameters used for the travelling-wave configuration except for the Rabi frequencies, we present the numerical results of the adiabatic evolution with the standing-wave configuration described above in [ Fig. 2 (c) and (d) ]. Here, we have taken into account small, but experimentally inevitable differences in the Rabi frequencies of the counter-propagating lasers, i.e., Ω 3,4 Ω 1,2 . Even with 8% of error in the Rabi frequencies leading to an imperfect standing wave, the results show an excellent agreement with the prediction of the Rabi model [ Fig. 2 (c) and (d) ] and demonstrate that it is possible to probe the universal scaling functions of the Rabi model in a trapped-ion setup with the standing wave configuration.
Effects of noise.-During the adiabatic evolution, various experimental noise sources will have an impact on the final states. Here we examine the effects of noise on the dynamics and demonstrate that the predicted universal functions can be observed in the realistic experimental conditions. The master equation that governs the adiabatic evolution iṡ The same system parameter used in the Fig. 1 is considered and the solid lines correspond to the Rabi model results as in Fig. 1.  (a) While the graphs corresponding to the different system size R do not collapse, the asymptotic scaling G −µ for G 1 is preserved. (b) The dynamical scaling function is robust against noise. Note that we have constrained the range of τ q to rather short times, 0.1/ω 0 ≤ τ q ≤ 0.275/ω 0 as the longer time evolution deviates from the universal behavior due to the effect of noise [39] ; while this leads to smaller data points than Fig. 1 and 2 , it nevertheless correctly reveals the substantial part of the universal function.
where
is the Lindbladian superoperator. A typical parameter for dephasing of the internal states of the ion is Γ dp /2π = 20Hz and the rest can be estimated as Γ c /2π = Γ a /2π = Γ h /2π = 10Hz. Therefore, we set Γ dp /ω 0 = 0.1 and Γ c /ω 0 = Γ a /ω 0 = Γ h /ω 0 = 0.05 and solve the adiabatic dynamics with the same parameter sets used in the previous sections.
As shown in Fig. 3 (a) , the ground state scaling function S s (G) is in fact strongly influenced by the effect of noise. For the different frequency ratio R, the graphs no longer collapse onto the theoretically predicted universal function. This comes from the fact that the long evolution time τ q ∼ 250ms required for the adiabatic condition is much larger than the coherence time of the ion, which is about 50ms. Interestingly, however, the asymptotic behavior of S s (G) for G 1 still follows the predicted power-law of G −µ . Therefore, our simulation shows that one can quantitatively measure the finitefrequency scaling exponent of σ z of the ground state, even in the presence of the noises. The measurement of the finitefrequency scaling exponent could serve as an experimental confirmation of the quantum phase transition of the Rabi model [20] .
On the other hand, we find that the non-equilibrium universal function S r (T, G) is much more robust to the effect of noise. As shown in Fig. 3 (b) , the rescaled data points collapse into a single universal curve. Although there is a slight deviation from the ideal case, the universality in the dynamics still remains intact. The robustness of the non-equilibrium universal function to noises stems from the relatively short evolution time τ q compared to the coherence time. While the small spectral gap near the critical point necessitates a very large τ q for the adiabatic preparation of the ground state, the nearly adiabatic dynamics considered here requires the adiabaticity only away from the critical point where the energy gap does not vanish, which makes its experimental observation more favorable than the equilibrium case.
Conclusion.-We have demonstrated that the Rabi QPT and its universal dynamics can be observed in a trappedion setup with a single ion using the equilibrium and nonequilibrium universal functions as a probe thus opening the doors for the experimental exploration of the properties of second-order quantum phase transitions with trapped ions.
Supplemental Material: Probing the Dynamics of Superradiant Quantum Phase Transition in a Single Trapped-Ion SECTION A: GROUND-STATE FINITE-FREQUENCY SCALING ANALYSIS FOR σ z
Here we present a derivation for the finite-frequency scaling relation for the ground state of the Rabi Hamiltonian, particularly the atomic population σ z , shown in Eq. (2) of the main text. Following the Ref.
[S1], we first apply a unitary transformation to the Rabi Hamiltonian which decouples the spin subspace up to the fourth order in the coupling strength λ, that is,
An approximate solution for the ground state wave function of H at g = 1 can be obtained by a variational method [S1] , which leads to
From this variational solution, we obtain the expectation value of σ z for the ground state of the Rabi Hamiltonian as
It follows that
which is the Eq. (2) of the main text. In the Fig. S1 , we confirm the above prediction using the numerically exact diagonalization of the Rabi Hamiltonian. For the frequency ratio R > 50, σ z (R, g = 1) does show a power-law with exponent µ = 2/3.
SECTION B: NON-EQUILIBRIUM SCALING ANALYSIS FOR σ z
In this section, we derive a proper rescaling of parameters that casts an equation of motion for the adiabatic evolution into a universal form in the R 1 limit following the procedure of Ref. [S2] . This rescaling is used to reveal the non-equilibrium universal function for the residual population of the ion introduced in the main text. Recall that we consider a linear driving g(t) = g f t/τ q , in which the rateġ = g f /τ q is controlled by the quench time τ q . The wave function at time t can be written as
where φ n g(t) are the instantaneous eigenstates of the Rabi Hamiltonian at g(t), i.e., H Rabi (g(t)) φ n g(t) = E n (g(t)) φ n g(t) . The Schrödinger equation can then be written in terms of c n (g), where ∆ R n,m (g) and χ R n,m (g) are the energy difference and transition amplitude between the nth and mth eigenstates for a given frequency ratio R, respectively. The latter is given by χ 
where G ≡ R |g − 1| γ/µ , and F(G) is their corresponding finite-frequency scaling function. Note that the critical exponents are given by γ = 1, µ = 2/3, ζ = 1/2 and β = −1 [S1] . Assumming that τ q is sufficiently large so that the main non-adiabatic excitations are formed close to the critical point and using the above finite-frequency scaling relation, the equation of motion can be rewritten as all the different curves collapses. When the quench time is too short, ω 0 τ q 1, the collapse does not occur even after rescaling. This is because the analysis for the adiabatic evolution is no longer valid. The open points correspond to τ q > 0.1/ω 0 and the full points at G = 0 correspond to τ q < 0.1/ω 0 . Therefore, S r (T, G) is obtained for quenches with τ q > 0.1/ω 0 . 
